
Chapter 2 Categories 
§2.3 Products, Coproducts, and Universal Constructions 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Product

Coproduct

Freeobjects initial and terminalobjets pullbaek push out

III Product

Ref3.1 For Aili I in a given category C theproduct is defined as 卫 大i with
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We denote theproduct as TieI Ai

Prop3.1 If P 不3 and Q 14i are both product of SAilie then theyare

isomorphic
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Uniqueness implies 40大 二 id Similarly 下 4 id



Remark Generally for Aili EI E Obe theremaynot exist a product

Flor Abeliancategory the product and coproduct always exist

Il Coproduet

Copnoduet is dual concept to product

It 3.2 For IAilia.IE Obe its coproduct is defined as S li Ai s

which satisfies forany B 14i Ai s B了 thereexists a unique 4 st

4Li 4i
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Wedenote the coproduct as HiEI Ai

ep 3.2 If S l i S Li了 are both cuproduets of Aili EI then they
are isomorphic

Proof Similar to Prop3.1

Exampe3.1 In module category ModR product and copnodeeetaredireut.produet anddirect sum

Example3.2 In Set 1 product 二 Cartesian produet

coproduct disjoint union

I Somespecial objects

I Free

ojelt.lt3.3 A concrete category C is a category that is equipped with a faithfulfuncto

to the Set category More precisely

11 Every object A isassigned with a set 6CA7
2 Every map A 5 B is assigned with a set map GLAI G Al
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Remark In concrete category we can regard objeut as a set equippedwith some
additional structure

Example Grp Ring Veet ModR are all concrete categories

Recall that for free module M and its basis X consider the inchesion L X V

then forany module N and set map f X N thereexists unique
f s t f fol
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This inspire the following definition of free objets

DE3.4 Let V be an object of some concrete category e i x V is a

set map f forany object A E Obe and set map fix A

there is a unique f V A s.t f f i then V is called a

free object over X
x
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Example free module is free object in

ModR.lt3.3 Let e be a concrete category and Vbe a free obeet carer x
U be a free object over x if IX1 1X 1 then V E V

Proof Exercise



2 Initial and terminal object

mis At B exits uǒòioe123.5 F a category e

111 A is called an initialobject if for any B HomCA B 1

127 A is called a terminal ojeet if forany B Hom BA 1

3 A is called a zero or null object if it is initial and terminal

Prp Initial terminal and zero obeet if exist must be unique up to

isomorphisms

Proof Exercise

Example In Set is initial and is terminal

Example In Grp 1 is zero object

Example In ModR 0 is zero object

3 Product and coprodent as terminal and initial object
Let C be a category A Az E Obe Define

Ob C A A ill x f fzllXEobe.fi E Hom X Ai i 1， 2
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C A Ais is a category

Rrp Terminal object in C A Aig is product of A Az in e
Proof Erminal P 不 不2

For any B f fi there exit unique f such that
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Similarly we can define C A Aig for coprodent

Obe A Aig X.fi fz I x E obe fi EHom Ai XI i 1.2

Homely Ai
Nifi fzl IY.gl9211 h EHom X Y l hf i gi i 1.23
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Ai Az
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Prp In above C A Ais the initial object is capnedut of A and Az in

the category e

Proof Exercise

壬 Freeobject as initial object
For concrete category e and a set x we could define a category Hom x e

ob HomCX C UAEobe Home X A

Map beteen x 5A and x 8 B is

f a A

X h

g i
Pre In Hom X e an initial object is a freeobject over x in e

Proof Exercise

5 Pullback
Consider a category e and two mapswith the same codomain
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we define a category 0 as follows
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In this category a terminal object cif existl is called a pull_baek cef
911921

In other words a pullbaek is 公 PI Pal such that for any X fi.fr

satisfying9 fi fzfz ghereexistsuniqueh x 2 St pih 5i i 1.2
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This is also called fiber produet AixAz

6 Push out

Consider a category e and two maps with the same domain

d
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Wedefine a category o as fellows



Ob0 X.fi fr I XEObe.fi EHomAi XI i 1.2 f 4 f242
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Homo X fi.fr Y 9 92 hE Home X Y l gi hfi i 1， 2
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Theinitialobject W 9 927 in D is called pushout of 4 and

In other words a push_out W 9 921 satisfies that for any cx.fi fil
with fi 4 f242 there is a unique h w X such that hqi

fi.fi
Yi a

Aid w
王 h

火 Az 92

52

7 Tnsor product as initial object
Consider module category ModR fix A.BE ModR we define a category

BLA B as follows

QbBCAB bilinear f AxB C d EModR

HOMBCA.BY Cf.gl h E HomModR d
D 1g hf
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Then tensor prodeut AORB is an initial object in BCA B

Ax B AQB
王If

i 义


